We investigate the random motion of a mirror in (1 + 1)-dimensions that is immersed in a thermal bath of massless scalar particles which are interacting with the mirror through a boundary condition. Imposing the Dirichlet or the Neumann boundary conditions on the moving mirror, we evaluate the mean radiation reaction force on the mirror and the correlation function describing the fluctuations in the force about the mean value. From the correlation function thus obtained, we explicitly establish the fluctuation-dissipation theorem governing the moving mirror. Using the fluctuation-dissipation theorem, we compute the mean-squared displacement of the mirror at finite and zero temperature. We clarify a few points concerning the various limiting behavior of the mean-squared displacement of the mirror. While we recover the standard result at finite temperature, we find that the mirror diffuses logarithmically at zero temperature, confirming similar conclusions that have been arrived at earlier in this context. We also comment on a subtlety concerning the comparison between zero temperature limit of the finite temperature result and the exact zero temperature result.
I. INTRODUCTION
Brownian motion refers to the random motion of small particles immersed in a large bath. Classic examples of Brownian motion would include the random motion of particles floating in a liquid and the motion of dust particles illuminated by a ray of sunlight. The motion of a Brownian particle is effectively described by the Langevin equation (see, for instance, Ref. [1] ). In the Langevin equation, the force experienced by the particle is decomposed into two components: one, an averaged force which is dissipative in nature, and another that is rapidly fluctuating. The combination of the dissipative and the fluctuating forces leads to the diffusion of the Brownian particle through the bath.
The amplitude of the dissipative force and the correlation function describing the fluctuating component are related by the fluctuation-dissipation theorem (see, for example, Refs. [2] [3] [4] ). The theorem can also be utilized to evaluate the mean-squared displacement of the Brownian particle and thereby illustrate the diffusive nature of the particle. It is well known that, in a bath maintained at a finite temperature, the mean-squared displacement of the Brownian particle grows linearly with time at late times. An interesting question that seems worth addressing is whether the Brownian particle diffuses even at zero temperature (in this context, see Refs. [5] [6] [7] ).
A point mirror moving in a thermal bath provides a splendid example for studying these issues and, in fact, the system has been considered earlier in different contexts (see, for instance, Refs. [8] [9] [10] [11] [12] [13] [14] ; also see the following reviews [15, 16] ). Our goal in this work is to reconsider the random motion of the mirror immersed in a thermal bath. Specifically, our aims can be said to be two-fold. Our first goal is to evaluate the average force on the moving mirror as well as the correlation function characterizing the fluctuating component and explicitly establish the * E-mail:jaffino@physics.iitm.ac.in fluctuation-dissipation theorem relating these quantities. Our second aim is to utilize the fluctuation-dissipation theorem to calculate the mean-squared displacement of the mirror both at finite and zero temperature and, in particular, examine the nature of diffusion at zero temperature. In order for the problem to be analytically tractable, as is usually done in this context, we shall work in (1 + 1)-spacetime dimensions and assume that the mirror is interacting with a massless scalar field (for the original discussion, see Refs. [17] [18] [19] [20] ). Importantly, one finds that, under these simplifying assumptions, it proves to be possible to calculate all the quantities involved explicitly using the standard methods of quantum field theory.
A few clarifying remarks concerning the prior efforts in these directions are in order at this stage of our discussion. The earliest efforts in the literature had primarily focussed on carrying out the quantum field theory of a massless scalar field in the presence of a moving mirror in (1 + 1)-spacetime dimensions [17, 18] . It was immediately followed by efforts to evaluate the regularized stress-energy tensor associated with the quantum field in the vacuum state, i.e. at zero temperature [19, 20] . These efforts had also arrived at the corresponding radiation reaction force on the moving mirror. About a decade after these initial efforts, it was recognized that the system provides a tractable scenario to examine the validity of the fluctuation-dissipation theorem and the behavior of the mean-squared displacement of the mirror. The fluctuation-dissipation theorem at zero temperature was established in this context and the behavior of the meansquared displacement of the mirror at large times was also arrived at [8, 15] . More recently, the radiation reaction force on the moving mirror at a finite temperature has been calculated as well (in this context, see Ref. [12] ). However, to the best of our knowledge, this is the first time that the correlation function governing the radiation reaction force is being evaluated and the associated fluctuation-dissipation theorem is being explicitly established for the case of the moving mirror at a finite temperature (though we should clarify that the possibility has been briefly discussed in Ref. [7] ). Moreover, we believe this is the first effort towards obtaining complete analytical expressions for the mean-squared displacements of the mirror that is valid at all times.
This article is organized as follows. In the following section, we shall quickly review the quantization of a massless scalar field in the presence of a moving mirror in (1 + 1)-spacetime dimensions, and evaluate the regularized stress-energy tensor of the scalar field at a finite temperature. We shall use the result to arrive at the radiation reaction force on the moving mirror. In Sec. III, we shall evaluate the correlation function governing the fluctuating component of the radiation reaction force. Using the radiation reaction force and the correlation function characterizing the fluctuating component, we shall establish the fluctuation-dissipation theorem in Sec. IV. In Secs. V and VI, using the fluctuation-dissipation theorem, we shall calculate the mean-squared displacement of the mirror at finite and zero temperature. Finally, in Sec. VII, we shall close with a brief discussion on the results we have obtained. We shall relegate the details concerning some of the calculations to four appendices. Specifically, in the final appendix, we shall clarify a subtle point concerning the zero temperature limit of the finite temperature result for the mean-squared displacement of the mirror.
Note that we shall work in units such that c = = k B = 1. An overdot shall denote differentiation with respect to the Minkowski time coordinate. Unless we mention otherwise, overprimes above functions shall represent differentiation of the functions with respect to their arguments. Angular brackets shall, in general, denote expectation values evaluated at a finite temperature, barring in Sec. VI, where it shall represent expectation values at zero temperature (i.e. in the quantum vacuum). Lastly, subscripts and superscripts R and L shall denote quantities to the right and the mirror, respectively.
II. RADIATION REACTION ON A MIRROR MOVING IN A THERMAL BATH
In this section, we shall first discuss the quantization of a massless scalar field in (1 + 1)-spacetime dimensions in the presence of a moving mirror. We shall impose Dirichlet or Neumann boundary conditions on the mirror and evaluate the regularized stress-energy tensor for the scalar field at a finite temperature. From this result, we shall obtain the radiation reaction force on the mirror.
A. Boundary conditions, modes and quantization
Consider a massless scalar field, say, φ, which is governed by the following equation in (1 + 1)-dimensional flat spacetime:
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FIG. 1:
The mirror moving along the trajectory z(t) divides the spacetime into two distinct regions to the right and the left of the mirror. Note that τu and τv denote the times when the incoming waves are reflected by the mirror and converted into outgoing waves to the right and the left of the mirror, respectively.
Let a mirror be moving along the trajectory x = z(t), such that |ż(t)| < 1, and let us assume that the scalar field φ satisfies either the Dirichlet or the Neumann boundary conditions on the moving mirror. In the case of the Dirichlet boundary condition, we require that
whereas, in the case of the (covariant) Neumann condition, we shall require
where n i is the vector normal to the mirror trajectory z(t). The mirror divides the spacetime into two completely independent regions, to the left (L) and the right (R) of the mirror.
Let u R ω (t, x) and u L ω (t, x) denote the normalized modes of the scalar field in the regions to the right and the left of the mirror, respectively. These modes can be expressed in terms of the null coordinates u = t − x and v = t + x as follows [10, 12, [17] [18] [19] :
The functions p 1 (u) and p 2 (v) are given by
where τ u and τ v denote the times at which the null lines u and v intersect the mirror's trajectory to the right and the left of the mirror (see accompanying figure) . The quantities τ u and τ v are determined by the conditions τ u − z(τ u ) = u and τ v + z(τ v ) = v. The quantity κ is a constant and its value depends on the boundary condition, with κ = i and κ = 1 corresponding to the Dirichlet and the Neumann conditions. On quantization, the scalar field operatorφ to the right and the left of the mirror can be decomposed in terms of the corresponding normal modes as follows:
whereâ ω andâ † ω are the annihilation and the creation operators which obey the standard commutation relations. It should be emphasized that there exist a separate set of operators defining the vacuum state and characterizing the corresponding Fock space on either side of the mirror.
B. Stress-energy tensor at finite temperature
Let us now turn to the evaluation of the expectation value of the stress-energy tensor of the quantum scalar field at a finite temperature T . In (1 + 1)-dimensions, the different components of stress-energy tensor are given by
with the indices (0, 1) and corresponding to the spacetime coordinates (t, x). It is now a matter of substituting the decomposition (6) of the quantum scalar field in the above expression for the stress-energy tensor and evaluating the expectation values at a finite temperature T on either side of the mirror. All the expectation values can be arrived at from the basic result (see, for instance, Ref. [21] )
where β = 1/T denotes the inverse temperature.
Since the stress-energy tensor involves two-point functions in the coincidence limit, as is well known, one will encounter divergences in calculating the quantity (see, for example, Ref. [22] ). In flat spacetime, these divergences correspond to contributions due to the Minkowski vacuum and they can be easily identified and regularized using, say, the method of point-splitting regularization [19] . The regularized stress-energy tensor to the right and the left of the mirror can be obtained to be
T 01
T 00
where, recall that, the overprimes denote differentiation of the functions with respect to the arguments. Three points concerning the above expressions require emphasis. To begin with, note that, the terms appearing in the first line of the above expressions for the components of the stress-energy tensor are independent of β. These terms represent the vacuum contribution [19] , while the terms appearing in the second lines are the contributions arising due to the finite temperature. It should be mentioned here that the finite temperature terms include the contributions that arise even in the absence of the mirror. Secondly, note that the stress-energy tensor is a function only of u and v to the right and the left of the mirror, respectively. The moving mirror excites the scalar field and the terms that depend on p 1 (u) and p 2 (v) describe the stress-energy associated with the radiation emitted by the mirror due to its motion. Evidently, the vacuum contribution can be considered as spontaneous emission by the mirror, while the finite temperature contributions can be treated as stimulated emission. Thirdly, one finds that the stress-energy tensor is completely independent of the boundary condition (actually it depends on |κ| 2 , which is unity for the Dirichlet and the Neumann conditions).
The quantities p 1 (u) and p 2 (v) and their derivatives with respect to their arguments can be expressed in terms of the velocity of the mirror and its two time derivatives. It can be shown that the components of the stress-energy tensor can be expressed in terms ofż,z and ... z as follows:
where the velocity and its time derivatives are to be evaluated at the retarded times (i.e. τ u or τ v ) when the radiation was emitted by the mirror. At this stage, it is useful to note that, while the vacuum terms depend on the velocityż, the accelerationz as well as the time derivative of the acceleration ... z [19, 20] , the finite temperature term involves only the velocityż.
C. Radiation reaction force on the moving mirror
The energy emitted by the moving mirror due to its interaction with the scalar field leads to a radiation reaction force on the mirror. The radiation reaction force can be obtained from the conservation of the total momentum of the mirror and the scalar field. The operator describing the radiation reaction force on the mirror can be expressed as [20] 
whereP x is the momentum operator associated with the scalar field and is given bŷ
The mean value of the radiation reaction force, evaluated at a finite temperature, can be arrived at from the expectation values of the stress-energy tensor we have obtained above. One finds that, the mean radiation reaction force can be expressed as
with the first line representing the vacuum term [15, 20] and the second line characterizing the finite temperature term. Let us emphasize here a few points regarding the radiation reaction force that we have obtained above. The procedure that we have adopted to arrive at the radiation reaction force is the same as the method that had been considered earlier (in this context, see Ref. [20] ). The earlier effort had arrived at the radiation reaction force in the quantum vacuum (i.e. at zero temperature), which matches with our result (provided a suitable Lorentz factor is accounted for). As is well known, the radiation reaction force on the mirror in the quantum vacuum has exactly the same form as the radiation reaction force on a non-uniformly moving charge that one encounters in electromagnetism [15, 20] . We should point out here that the procedure we have adopted and the complete relativistic result we have obtained for the radiation reaction force is different from another prior effort in this direction (see Ref. [12] ). Nevertheless, we find that the results for the radiation reaction force match in the nonrelativistic limit [6, 12, 19] , which is the domain of our primary interest in the latter part of this article.
Until now, the results have been exact, and we have made no assumptions on the amplitude of the velocity of mirror. When analyzing the Brownian motion of the mirror in the latter sections, we shall be working in the non-relativistic limit. In such a limit (i.e. when |ż| ≪ 1), the above mean radiation reaction force simplifies to
where we have ignored factors of orderż 2 . Note that at large temperatures, it is the second term that proves to be the dominant one. The term describes the standard dissipative force proportional to the velocity that is expected to arise as a particle moves through a thermal bath.
III. CORRELATION FUNCTION DESCRIBING THE FLUCTUATING COMPONENT
As we discussed in the introductory section, apart from the dissipative component, a particle moving through a thermal bath also experiences a fluctuating force. We have evaluated the dissipative force on the moving mirror in the last section. Let us now turn to the calculation of the correlation function that governs the fluctuating component of the radiation reaction force.
The fluctuating component of the force on the moving mirror is clearly given by the deviations from the mean value. The operator describing the random force on the mirror can be defined aŝ
whereP x is the momentum operator associated with the scalar field as given by Eq. (12) . Upon using the operator version of the conservation of the stress-energy tensor, one can show that the random force acting on the moving mirror can be expressed in terms of the components of the stress-energy tensor as follows:
where the quantityT ab (t, x) is defined aŝ
Therefore, the correlation function describing the fluctuating forceR(t) can be written as
where z = z(t) and z
is essentially the so-called noise kernel corresponding to the stress-energy tensor of the scalar field (in this context, see, for instance, Refs. [23, 24] ). Upon using the decomposition (6), the modes (4) and the expressions (7) for the stress-energy tensor, the noise kernel in the regions to the right and the left of the mirror can be calculated to be
T ab
where, as we had defined, u = t − x and v = t + x, while u
Note that the indices (a, b, c, d) take on the values zero and unity corresponding to t and x, respectively. Along the trajectory of the mirror z(t), the noise kernels to the right and the left of the mirror simplify to
where ∆t = t − t ′ and ∆z = z − z ′ . These quantities can be used in the expression (18) to arrive at the correlation function describing the fluctuating component of the radiation reaction force. Until now, the expressions we have obtained are exact. Our aim is to arrive at the correlation function when the mirror is moving non-relativistically. If one consistently ignores terms of orderż 2 , it can be shown that the correlation function simplifies to (for details, see App. A)
This correlation function is a sharply peaked function about t = t ′ with a width of the order of β. In the limit β → ∞ (i.e. in the quantum vacuum), this correlation function reduces to
which is what can be expected from general arguments in (1 + 1)-spacetime dimensions.
IV. ESTABLISHING THE FLUCTUATION-DISSIPATION THEOREM
Having obtained the average radiation reaction force on the moving mirror and having evaluated the correlation function describing the fluctuating component, let us now turn to establishing the fluctuation-dissipation theorem relating these quantities. In this section, we shall first explicitly establish the theorem for the problem of the moving mirror in the frequency domain and then go on to also establish it in the time domain. Fluctuation-dissipation theorem is a general result in statistical mechanics, which is a relation between the generalized resistance and the fluctuations of the generalised forces in linear dissipative systems [2] [3] [4] . Before discussing the fluctuation-dissipation theorem let us define some essential quantities which are needed to state the fluctuation dissipation theorem.
Let us define the correlation function of an operatorÂ as
The symmetric and anti-symmetric correlation functions, i.e. C + A (t) and C − A (t), of the operatorÂ can be defined to be [4] 
(25b) Given a function f (t), let the Fourier transform f (ω) be defined as
The fluctuation-dissipation theorem describing the random functionÂ(t) can be stated as the following relation between the Fourier transforms C + A (ω) and C − A (ω) [4] :
with ω > 0.
In the rest of this section, our aim will be to establish the relation (27) for the fluctuating component of the radiation reaction force on the moving mirror, viz.R(t). Note that the quantity C R (t) can be written as [cf. Eq. (22)]
where, as is usually done in the context of quantum field theory, we have suitably introduced an i ǫ factor (with ǫ → 0 + ) to regulate the two-point function in the coincidence limit. The Fourier transform of the correlation function C R (t) is, evidently, given by
To evaluate this integral, it proves to be convenient to express the function C R (t) as a series in the following fashion (for details, see App. B):
Upon using this series representation, the integral (29) can be carried out as a contour integral in the complex ω-plane. Since ω > 0, the contour has to be closed in the lower half plane. The contour encloses the poles at −i ǫ and −i n β, so that only the first two terms within the square brackets in the above series representation for C R (t) contribute. Their contributions can be summed over to obtain that [6, 7, 10, 12 , 15]
The quantities C + R (ω) and C − R (ω) can be determined from the above expression for C R (ω), and they are found to be
The first term in the above expression for C − R (ω) is the vacuum contribution, while the second term arises at a finite temperature. These can be attributed to the ... z and theż terms that arise in the mean radiation reaction force at zero and finite temperature, respectively [cf. Eq. (14)]. It is evident from these expressions that the quantities C + R (ω) and C − R (ω) are related as
exactly as required by the fluctuation-dissipation theorem.
B. The fluctuation-dissipation theorem in the time domain
Let us now consider the fluctuation-dissipation theorem in the time domain. In the time domain, the theorem relates the correlation function C R (t) of the fluctuating force to the amplitude of the coefficient, say, m γ, of the mean dissipative force (proportional to velocity) arising at a finite temperature as follows [4] :
In the case of the moving mirror, we have m γ = 2 π/(3 β 2 ) [cf. Eq. (14)]. Since the above integral corresponds to the ω → 0 of C R (ω)/2, we find that
as required, implying the validity of the fluctuationdissipation theorem in the time domain as well.
V. DIFFUSION OF THE MIRROR AT FINITE TEMPERATURE
In this section, we shall utilize the fluctuationdissipation theorem to determine the mean-squared displacement in the position of the mirror due to the combination of the mean radiation reaction force on the mirror as well as the fluctuating component. We shall also discuss the different limiting behavior of the mean-squared displacement of the mirror.
A. The mean-squared displacement of the mirror at finite temperature
The mean-squared displacement σ 2 z (t) in the position of the mirror is defined as
whereẑ(t) represents the stochastic nature of the position of the mirror, which are induced due to the fluctuations in the radiation reaction force. When we take into account the mean radiation reaction force (14) and the fluctuating component (15), the Langevin equation governing the motion of the moving mirror is given by
Let z(ω) and R(ω) denote the Fourier transforms of the position of the mirrorẑ(t) and the fluctuating component R(t) of the radiation reaction force. The above Langevin equation relates these two quantities as follows:
where χ(ω) is a complex quantity known as the generalized susceptibility. It can be expressed as
with α 1 and α 2 being given by
where we have set ω c = m and r = (β m) −1 . The quantity ω c is essentially the Compton frequency associated with the mirror, while r is the dimensionless ratio of the average energy associated with a single degree of freedom in the thermal bath and the rest mass energy of the mirror.
Let us write the generalized susceptibility as χ(ω) = χ ′ (ω) − i χ ′′ (ω), where χ ′ (ω) and χ ′′ (ω) are real quantities. (The single and the double primes aboveχ(ω) are the conventional notations to denote the real and the imaginary parts of the generalized susceptibility. It should be clarified that these primes do not represent derivatives of these quantities.) According to the fluctuation-dissipation theorem, the quantity C + z (ω) is related to the quantity χ ′′ (ω) as follows [4] :
Note that the mean-squared displacement σ 
where χ ′′ (t) is described by the integral
The imaginary part of complex susceptibility χ(ω) is found to be
where we have introduced an i ǫ factor suitably to ensure the convergence ofχ(ω) [3] . The integral (43), with χ ′′ (ω) given by the above expression, can be carried out easily as a contour integral in the complex ω-plane, and one obtains that
where Θ(t) is the theta function, while the function sgn(t) is given by sgn(t) = 1 when t > 0, −1 when t < 0.
Upon using the above expression for χ ′′ (t) in Eq. (42), we find that we can write C + z (t) as follows:
where the quantities I 1 (α, t) and I 2 (α, t) are described by the integrals
On substituting the above expression for C + z (t) in Eq. (36), we obtain the mean-squared displacement of the mirror to be
The integrals I 1 (α, t) and I 2 (α, t) can be evaluated in terms of the hypergeometric functions (for details, see App. C), and the final result can be expressed as
where γ E ≃ 0.5772 is the Euler-Mascheroni constant [25] . The function F (p, t) is given by
where 2 F 1 [a, b, c, ; z] denotes the hypergeometric function, and ψ n (z) is known as the polygamma function [25] . The quantities p 1 and p 2 are defined as
with α 1 and α 2 being given by Eqs. (40). Note that the mean-squared displacement (50) depends on three time scales, viz. t, ω As mentioned above, the mean-squared displacement σ 2 z (t) depends on three time scales t, ω −1 c and β. Using these time scales one can construct the following three dimensionless variables: ω c t, t/β and β ω c . Notice that the expression (50) for the mean-squared displacement at a finite temperature depends on time only through the following dimensionless combination:t ≡ t/β. It also depends on the dimensionless quantity r = (β ω c ) −1 , which we had introduced earlier [cf. Eq. (40)]. Typically, we will be interested in the behavior of the mean-squared displacement at small and large times, i.e. fort ≪ 1 and t ≫ 1. But, because of the presence of the additional dimensionless quantity r, the different possible limits that one can actually consider are as follows: for larget. In other words, apriori, one can consider the limits of small and large r before or after considering the small and large limits oft. However, we find that, as r → 0 (or, as r → ∞) the limiting values of the mean-squared displacement are not numerically equal to the dominant term in the series expansion of σ 2 z (t) around r = 0 (and r = ∞, respectively) for all values oft. Therefore, we shall take the small and large limits oft, before considering the limiting cases of r.
We find that, in the limit oft ≪ 1, σ 2 z (t) can be expressed as
Whereas, whent ≫ 1, it reduces to
Let us now consider the different limits of r of the above two expressions. For convenience and clarity, we have listed these forms in the table below and have commented appropriately on their behavior.
Relevant limits Limiting behavior of σ 2 z (t) Remarks
Although we quote it for the sake of completeness, this limit corresponds to ω c t ≪ 1, i.e. when the times involved are much smaller than the Compton time scale. The quantum nature of the mirror cannot be ignored in such a domain. Since our analysis assumes a classical, non-relativistic description for the mirror, it might be unjustified to attach any significance to this limit for the mean-squared displacement of the mirror.
This limit demonstrates that, as long as t ≫ β, the limiting behaviour of σ 2 z (t) does not depend on ω c t (although the same comment as above applies to the case ω c t ≪ 1). Moreover, as is evident from the expression in the last row (below), this limit is also independent of r.
One can therefore see that, for t ≫ β, the mirror exhibits the standard random walk with σ 2 z (t) ∝ t. (To highlight this behavior, we have expressed the final result in terms of the parameter γ to facilitate comparison with standard discussions of random walk [1] .)
In these limits, the mirror behaves exactly like a Brownian particle.
For t ≪ β, we have σ 2 z (t) ∝ t 2 , and the mirror diffuses like a free particle with velocity 1/ √ m β. This result suggests that the thermal length scale (β) can be the mean free path of the mirror. For t ≫ β, we recover the standard random walk result,
VI. DIFFUSION OF THE MIRROR AT ZERO TEMPERATURE
Let us now study the nature of diffusion of the mirror at zero temperature.
A. The mean-squared displacement of the mirror at zero temperature
At zero temperature, evidently, the finite temperature contribution will be absent and the Langevin equation governing the motion of the mirror simplifies to
In such a case, the complex susceptibility χ(ω) is given by [cf. Eq. (38)]
and the imaginary part of the complex susceptibility χ(ω) can be determined to be
At zero temperature, the fluctuation-dissipation relation (41) reduces to
where Θ(ω) denotes the theta function. The inverse Fourier transform of this function yields C + z (t), which is, evidently, a convolution described by the integral
The quantity χ ′′ (t) can be easily evaluated from χ ′′ (ω) above [cf. Eq. (57)] as a contour integral in the complex ω-plane. It can be obtained to be
where sgn(t) is defined in Eq. (46). On using this expression, we find that C + z (t) can be written as
where Ei(x) is the exponential integral function [25] . Upon using the above result, one can show that the meansquared displacement of the mirror can be expressed as follows:
−6 π ωc t Ei(6 π ω c t)
− e 6 π ωc t Ei(−6 π ω c t) ,
where, as we have pointed out before, γ E is EulerMascheroni constant.
B. The different limiting behavior of the mean-squared displacement of the mirror
We find that, when ω c t ≪ 1, the mean-squared displacement of the mirror behaves as
Whereas, when ω c t ≫ 1, σ 2 z (t) is found to behave as
This implies that, at zero temperature, the mirror diffuses logarithmically rather than linearly as it does at a finite temperature. It should be mentioned that such a logarithmic diffusive behavior has been arrived at earlier [6] and it seems to be a general characteristic of Brownian motion at zero temperature (in this context, see Ref. [5] ).
VII. DISCUSSION
In this work, we have studied the random motion of a mirror that is immersed in a thermal bath. We have explicitly evaluated the correlation function describing the fluctuating component of the radiation reaction force on the moving mirror and have established the fluctuation-dissipation theorem relating the correlation function to the amplitude of the finite temperature contribution to the radiation reaction force. Also, utilizing the fluctuation-dissipation theorem, we have calculated the mean-squared displacement of the moving mirror both at a finite as well as at zero temperature. We should stress that, in contrast to the earlier efforts, we have been able to arrive at a complete expression for the mean-squared displacement of the mirror that is valid at all times. While we recover the standard results in the required limits at finite temperature, interestingly, we find that the mirror diffuses logarithmically at zero temperature, a result which confirms similar conclusions that have been arrived at earlier.
Finally, we find that the mean-squared displacement in the quantum vacuum cannot be obtained by blindly considering the zero temperature limit of the final expression for the mean-squared displacement at finite temperature. This is essentially because of the following reason: the integral representations leading to the hypergeometric functions that arise in the finite temperature case [cf. Eq. (50)] do not apply at zero temperature, thereby rendering the subsequent expressions invalid in this limit. |ż| ≪ 1. In such a limit, the noise-kernels (21) reduce to 
which is the result we have quoted.
Appendix B: Series representation of the correlation function
In this appendix, we shall outline the method to arrive at the series representation (30) for the function C R (t).
We shall make use of the polygamma function ψ n (z) to arrive at the series representation for cosech 4 (z). The polygamma function is defined as [25] 
where Γ(z) is the gamma function. The function ψ n (z) can be represented as an integral as follows:
Using this expression, we can write
and, upon expressing cos(z t) and (1 − e −t ) −1 as a power series, we obtain that 
and carrying the sum over m leads to
(B6) The above series can easily be summed to arrive at [25] ∞ n=0 1 (z + i n) 2 + 1 (z − i n) 2 = 1 z 2 + π 2 cosech 2 (π z),
(B7) so that we have
Upon writing the quantity I 2 (α, t) in a similar fashion and substituting the resultant expressions in Eq. 
with ψ n (z) being the polygamma function [25] . In order to write F (p, t) more compactly we make use of the identity [27] 2 
where (a, b, c) ∈ Z or (a − b) ∈ Z and |arg(−z)| < π. We find that F (p, t) can be written as 
